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ABSTRACT

This work presents an extension to a measurement tech-
nique used to estimate the reflection and transmission func-
tions of musical instrument bells within the context of para-
metric waveguide models. In the original technique, sev-
eral measurements are taken of a system—a 2-meter long
cylindrical tube with a speaker and co-located microphone
at one end and incrementally varying termination condi-
tions at the other. Each measured impulse response yields
a sequence of multiple evenly spaced arrivals from which
estimates of waveguide element transfer functions, includ-
ing the bell reflection and transmission, may be formed.

Use of this technique to measure a complete saxophone
presents a number of difficulties stemming from the fact
that the bell is not easily separated from the bore for an
isolated measurement. The alternative of appending the
complete saxophone yields a measured impulse response
where 1) echos overlap in time and are not easily win-
dowed and 2) the presence of a junction between mea-
surement tube and saxophone cause spectral artifacts. In
this work we present an alternate post-signal-processing
technique to overcome these difficulties, while keeping the
hardware the same. The result is a measurement of the
saxophone’s round-trip reflection function from which its
transfer function, or its inverse—the impulse response, may
be constructed.

1. INTRODUCTION

It is well known that wave propagation in wind instrument
bores may be modeled in one dimension using the waveg-
uide structure shown in Figure1, with a bi-directional de-
layline accounting for the acoustic propagation delay in a
cylindrical or conical bore section, filter elementsλN (z),
Rmp(z) accounting for the propagation loss, and reflec-
tion at the mouthpiece, respectively, and elementsRB(z)
andTB(z) describing the reflection and transmission func-
tions of the bell, the non-cylindrical/non-conical section at
the end of the instrument [1]. If RB(z) andTB(z) are per-
mitted to have “long-memory” acoustic information, this
model is also valid for instruments having toneholes, with
open tonehole radiation and scattering being lumped into
RB(z) andTB(z).

In this work, a parametric model of a saxophone without
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Figure 1. Waveguide model of a cylindrical/conical bore
section with commuted propagation loss filtersλN (z), bell
reflection and transmission filtersRB(z) and TB(z) re-
spectively, and a reflection filterRmp(z) at the bore base
corresponding to the position of the mouthpiece/reed. The
instrument transfer function corresponding to observation
pointYmp(z) is given by (4) in response to input pressure
X(z) = Z0U(z), whereZ0 is the characteristic impedance
andU(z) is the volume flow through the reed.

toneholes is presented following Figure1, where the bore
resonance may be set according to the pure delayz−N ,
and whereRB(z) andTB(z) hold solely the acoustic be-
haviour of the bell. As wave propagation within horns
(shapes not purely cylindrical / conical) involves higher-
order and evanescent modes, a one-dimensional model can-
not capture the complete behaviour of this instrument sec-
tion, and a more accurate description ofRB(z) andTB(z)
is expected through measurement. Several techniques ex-
ist for measuring acoustic properties of wind instrument
bores [2–9], most often in the acoustic community in terms
of its input impedance. The technique here focuses on the
use of low-cost hardware and a simple setup, with acoustic
information being estimated using post-signal-processing
of measured impulse responses.

The authors acquired a tenor saxophone without tone-
holes and chimneys, an instrument typically used by saxo-
phonists wishing to practice solely embouchure and blow-
ing techniques. For the sake of this work and validating
results, measurements are taken of both the complete in-
strument as well as just the bore, with the bell removed (a
considerably easier task when there is no hardware on the
instrument). In the latter case, the bore is considered to be
conical and thus reasonably modeled as a one-dimensional
waveguide, providing a basis for validating the estimation
results. Any measured losses for either device under test
(DUT) are assumed to be due to propagation lossλN (z)
and a termination: an open end for the cone (the well-
described open cylinder reflection provides a reasonable
approximation for the open cone), and the bell reflection
RB(z) and transmissionTB(z) for the complete instru-
ment. To measure the instrument and these losses, a previ-
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ously presented technique used for estimating bore termi-
nations from measurement [10] is further developed, with
additional (and alternate) post signal processing to handle
an entire instrument, i.e. one where 1) the bell does not
easily separate from the bore, 2) the device of the test is
too long to produce isolated echos in the measured impulse
response, and 3) the junction created by appending the de-
vice under test to the measurement tube creates a reflection
inconsistent with that of a bore base.

2. MEASUREMENT SYSTEM
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Figure 2. Waveguide model of the measurement system:
a 2-meter long tube with a speaker and co-located micro-
phone at one end, and an incrementally varying termina-
tion at the opposite end: closed then with a device under
test (DUT) appended, creating a reflectionRL(z) and a
transmissionTL(z). The speaker transmission is described
by σ(z) and the reflection off the speaker is described by
ρ(z).

The original measurement technique being employed here
is fully described in [10], and involves estimating wind in-
strument waveguide elements from several measurements
of the systems impulse response. The measurement sys-
tem, the waveguide model of which is shown in Figure2,
consists of a 2-meter long tube with a speaker and co-
located microphone at one end, enabling both an input driv-
ing signalσ(ω) and a simultaneous measurementY0(ω) at
approximately the same position in the measurement tube.
Each measurement is of the system having incrementally
varying termination/boundary conditions: first the tube is
closed, then open, and finally it is appended with a device
under test (DUT). When the DUT is sufficiently short (as
compared to the measurement tube), each measured im-
pulse response yields a sequence of multiple sufficiently
spaced arrivals, from which estimates of waveguide ele-
ment transfer functions (those elements shown in Figure2)
may be formed.

Following the round-trip propagation of the signal in the
measurement system, shown in Figure2, from speaker /
microphone to the opposite termination and back again, it
may be seen that the spectral composition of the second
arrival of the measured impulse response corresponding to
Y0(z) is given by

Y0,2(ω) = σ(ω)λ2(ω)RL(ω)(1 + ρ(ω)), (1)

whereσ(ω) is the speaker transfer function,ρ(ω) is the
reflection off the speaker, andRL(z) is the reflection func-
tion of the terminating condition (for a closed tube,RL(z) =
1). Equations expressed as a function ofω signify the use
of measured data.

Since the technique involves taking multiple measure-
ments of the system, one with the tube closed, and one
with a different termination (either open or with an ap-
pended DUT), it is shown in [10] that the reflection of the
terminating conditionRL(z) may be estimated by taking
the spectral ratio of second arrivals

R̂L(ω) =
σ(ω)λ2(ω)RL(ω)(1 + ρ(ω))

σ(ω)λ2(ω)(ω)(1 + ρ(ω))
, (2)

where the numerator describes the spectrum of the second
arrival for the tube with termination reflectionRL(z), and
the denominator describes the spectrum of the second ar-
rival for the closed tube.

In [10], the measurement and post-signal-processing tech-
nique is explored using simple structures consisting of cylin-
drical and conical tubes, as these are well described theo-
retically and provide a basis for validating data estimated
from measurement. Shown to yield data closely matching
the theory, the technique is later extended to measure struc-
tures which are more difficult to describe theoretically, such
as an instruments flaring bell. In [11], the technique is
used to obtain the transfer function of the clarinet bell by
appending the bell to the measurement tube and taking the
spectral ratio given by (2), to improve a clarinet synthe-
sis model which uses the “generalized pressure-controlled
valve”. In [12], it was shown that though a trombone bell
could be measured by appending the bell to the end of the
measurement tube and applying (2), improved results are
obtained by adapting the measurement post processing to
account for the discontinuity created when the appended
bell has a small-end radius different from the inner radius
of the measurement tube.

In this work, further modification is required to make this
system useful for measuring features of the saxophone.
This application, which involves estimating thecomplete
instrument transfer functionsHmp(z) = Ymp(z)/X(z)
andHL(z) = YL(z)/X(z) (see Figure1), instead of solely
the reflection and transmission functionsRB(z) andTB(z)
of the bell, presents difficulties requiring a change in the
signal post-processing approach (the hardware setup re-
mains the same).

Firstly, unlike the clarinet and trombone bells, the sax-
ophone bell is not easily removed from the instrument.
Thus, the saxophone bell cannot be appended to the mea-
surement tube to obtain its transfer functionRB(z). Rather,
the measurement must be of the whole instrument, with
both bore and bell as a single unit, and no clear separa-
tion between the two. Furthermore, the saxophone trans-
fer function cannot be obtained by taking the ratio of sec-
ond arrivals (as was done for instrument bells), because ap-
pending the entire saxophone to the end of the two-meter
tube results in a measured impulse response with no clear
separation between arrivals/echos. Thus, windowing to ex-
tract the second arrival, as was done in [10–12], is not
straightforward and taking the spectral ratio given by (2)
is significantly more difficult. Lastly, appending the sax-
ophone to the measurement tube creates a discontinuity
(though not a leak) between tube and DUT radii and a junc-
tion between cylindrical and conical structures. A mea-
surement of the instrument transfer function obtained by
taking the spectral ratio of second arrivals (2), if it were



possible to extract the second arrival, would include the re-
flection off the junction (R2(z) in Figure4). This inclusion
would present an artifact when trying to fit the estimated
transfer function to the waveguide model of the instrument
(Figure1). Though the inclusion ofR2(z) is acceptable
when measuring solely the bell, sinceR2(z) is relatively
close to the reality of the junction (and reflection) created
by appending a bell to a bore, it is not acceptable when
that position corresponds to that of the mouthpiece. Since
reflectionR2(z) and the expected reflection off a typical
reed / mouthpiece are significantly different (the former
being predominantly open, the latter being predominantly
closed), it is desirable to omitR2(z) when estimating the
transfer function for an entire instrument. If the junction
reflection is omitted in the estimation, the instrument trans-
fer function can be constructed, as discussed below in Sec-
tion 3, with a reflectionRmp(z) that is more consistent
with the termination of the bore (either cylindrical or con-
ical), when coupled to reed / mouthpiece.

For this reason, we present further modification to the
original signal-post-processing technique, enabling estima-
tion of the round-trip reflection function of the saxophone
from the measurement system’s impulse response (corre-
sponding in thez-domain toY0(z) in Figure2). The re-
flection function is then used to fit a waveguide model hav-
ing a more appropriateRmp, ultimately yielding the instru-
ment’s transfer function corresponding toYmp(z)/X(z).

3. INSTRUMENT TRANSFER FUNCTION

Given the waveguide model in Figure1, the corresponding
round-trip reflection function of the saxophone instrument,
from the mouthpiece to the bell and back again, is given by

RI(z) = RB(z)λ
2
N (z)z−2N . (3)

The instrument transfer function corresponding to the ratio
of the pressure at the reed / mouthpieceYmp(z) to input
pressureX(z) (the inverse-transform of which yields the
sequence of arrivals making up the instrument impulse re-
sponse) is given by

Hmp(z) =
Ymp(z)

X(z)

=
1 +RB(z)λ

2
N (z)z−2N

1−Rmp(z)RB(z)λN (z)2z−2N
,

which can also be expressed in terms of (3) as

Hmp(z) =
1 +RI(z)

1−Rmp(z)RI(z)
. (4)

Thus, an estimation of the round-trip instrument reflection
functionRI(z) from measurement, would allow for con-
struction of the instrument transfer function (4), and a fit
to the waveguide model in Figure1, using a mouthpiece
reflectionRmp(z) that is more suitable to the termination
of the cylindrical / conical bore coupled to a reed model.
The pure delayz−2N may be made parametric so that it
may be set according to a desired pitch.

cylinder, speaker−saxophone

cylinder, speaker−closed

2 meters

Figure 3. The measurement system consisting of a 2-meter
tube with a speaker and co-located microphone at one end.
The tube is measured first closed (top), then with a sax-
ophone appended (bottom) to produce the measurement’s
impulse response under both terminating conditions.

3.1 Estimating RI from the measurement system

Though the system created by appending the saxophone
to the measurement tube may be approximately modeled
by Figure2, a more realistic model is given in Figure4,
where the connection between tube and saxophone cre-
ates a change of wave impedance at the boundary between
cylindrical and conical tubes, resulting in reflection

R(ω) =
Z2(ω)/Z1(ω)− 1

Z2(ω)/Z∗
1 (ω) + 1

(5)

between adjacent wave impedancesZ1 andZ2 (where *
indicates the complex conjugate), and an amplitude com-
plementary transmission

T (ω) = 1 +R(ω). (6)

For spherical pressure waves in conical tubes (as denoted
by then subscript) propagating away from the cone apex
(denoted by the+ superscript), the impedance is depen-
dent on frequencyω and the distancer from the observa-
tion point to the cone apex, and is given by

Z+
n (r;ω) =

ρc

Sn

jω

jω + c/r
, (7)

whereSn is the cross-sectional area of the cone’s smaller
end (at the junction), andc is the wave propagation speed.
For spherical waves propagating toward the cone apex, the
impedance is given by

Z−
n (r;ω) =

ρc

Sn

jω

jω − c/r
= Z+

n ∗ (r;ω). (8)

For cylinders (as denoted by they subscript), the distance
r approaches infinity and thec/r term becomes negligible,
yielding a wave impedance given by

Zy =
ρc

Sy

. (9)

The reflection functionR1(z) describing the pressure re-
turning to the cylindrical tube is thus given by

R1(ω) =
Z+
n /Zy − 1

Z+
n /Zy + 1

, (10)
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Figure 4. Given the discontinuity between the measurement tube and the appended saxophone with cross-sectional areasSy

andSn, respectively, the measurement system consists of a 2-portscattering junction, with reflectionR1,2 and transmission
T1,2, described by (5-11).

and the reflection functionR2(z) describing the pressure
returning to the cone is given by

R2(ω) =
Zy/Z

−
n − 1

Zy/Z
−∗
n + 1

. (11)

If Sy = Sn, thenR1(z) = R2(z), and the reflection at the
junction reduces to

R1(ω) = R2(ω) =
−1

1 + 2jωr/c
, (12)

a one-pole low-pass filter with a cutoff frequency ofω =
c/r.

The transfer function of the entire measurement system
shown in Figure4, corresponding to the ratio of the mea-
sured signalY0(z) to the input speaker transfer function
σ(z), is given by

H0(z) =
Y0(z)

σ(z)

=
1 + bMz−2M + bNz−2N + bM,Nz−2(M+N)

1 + aMz−2M + aNz−2N + aM,Nz−2(M+N)
,

(13)

where the feedforward coefficients are given by

bM = R1λ
2
M ,

bN = −R2RBλ
2
N ,

bM,N = − (R1R2 − T1T2)RBλ
2
Mλ2

N ,

and the feedback coefficients are given by

aM = −ρR1λ
2
M ,

aN = −R2RBλ
2
N ,

aM,N = ρ (R1R2 − T1T2)RBλ
2
Mλ2

N ,

where all waveguide elements are functions ofz (as in Fig-
ure 4), but omitted for brevity. The derivation of (13) is
shown in AppendixA.

Conveniently, equation (13) can also be expressed in terms
of the round-trip reflection of the closed measurement tube,

Rcl(z) = λ2
M (z)z−2M , (14)

and the round-trip reflection functionRI(z) of the appended
instrument (3),

H0(z) =
1 +R1Rcl −R2RI − (R1R2 − T1T2)RclRI

1− ρR1Rcl −R2RI + ρ(R1R2 − T1T2)RclRI

.

(15)

3.2 Estimating R̂I from measurement

Estimating the round-trip instrument reflection̂RI(z) is
done by first taking a measurement of the tube with a closed
termination. Following the steps described in [10] allows
for estimation of speaker transmissionσ(ω), the reflection
off the speakerρ(ω), and the propagation loss of the mea-
surement tubeλM (ω), or alternatively, an estimation of the
lumped round-trip reflection function for the closed tube
R̂cl, given in (14).

A second measurement, taken with the saxophone instru-
ment appended to the measurement tube, produces an im-
pulse response, the transform of which yieldsY0(ω), that
when divided by the speaker speaker transfer functionσ(ω)
yields H0(ω), a measurement of (15). Given the closed
tube reflection function estimatêRcl(ω) made from the
prior closed tube measurement, the round-trip instrument
reflection function can be estimated by

R̂I(ω) =
1/R2(ω) + ζR1(ω)R̂cl(ω)

1 + ζ (R1(ω)R2(ω)− T1(ω)T2(ω)) R̂cl(ω)
,

(16)
where

ζ =
1 + ρ(ω)H0(ω)

R2(ω)(1−H0(ω))
. (17)

The saxophone instrument transfer function is then con-
structed using (4), with Rmp set using the closed-end re-
flection of a truncated cone (i.e. a boundary condition
where the volume velocity is equal to zero), given by

Rmp(ω) =
Y +
0 (ω)

Y −
0 (ω)

=
Z+
n (r;ω)

Z−
n (r;ω)

=
jω − c/r

jω + c/r
. (18)

3.3 Results

The estimation technique is first applied to a case where
a short large closed cylinder is appended to the measure-
ment tube. As the propagation loss in a cylinder is well-
described theoretically, it provides a good basis for validat-
ing the transfer function given by (13) in the presence of a
junction with real-valued reflection and transmission func-
tions, and the estimation of (16). In both cases, as shown in
Figure5, measurement and estimation show a good match
with theoretical expectation.

The next case is of the sax conical bore (with bell re-
moved) appended to the measurement tube. As shown in
Figure6 (top), the measurement of the system (tube + con-
ical bore) shows good agreement with its theoretically con-
structed counterpart. The theoretical round-trip reflection



RI of the conical section is constructed with an open-end
cylindrical reflection, yet as shown in Figure6 (bottom),
there is still good agreement with estimatedR̂I .

The final case is of the complete saxophone (with bell)
appended to the measurement tube. Figure7 illustrates
the effects of the saxophone bell as compared to the re-
sults of the saxophone conical bore (without bell). As seen
in Figure7 (top), the bell shifts the resonant peaks in the
spectrum and (bottom) contributes an increased low-pass
characteristic.
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Figure 5. A measurement taken of the 2-meter tube with
a closed cylinder appended (green), is plotted along with a
theoretically constructed model (blue), with the two show-
ing good agreement (top). A strong match is also observed
for the theoretically constructed round-trip reflection func-
tion RI(ω) of a closed cylinder (green) and that estimated
from measurement using (16) (blue).

4. CONCLUSION

In this work, the measurement and post-signal-processing
technique first presented in [10], and later in [11] for mea-
surement of a clarinet bell, and in [12] for measurement of
the bell of a trombone, is modified to accommodate the
slightly different task of measuring thecomplete instru-
ment transfer function of a saxophone.

The use of the technique for measuring the saxophone
presents difficulties due to 1) the fact that the bell does not
separate from the bore and cannot be measured in isola-
tion, 2) the length of the saxophone causes an undesirable
overlapping in the measured impulse response echos from
which waveguide elements are formed, and 3) the pres-
ence of a junction when appending the saxophone to the
measurement tube creating spectral “artifacts”. This work
presents a modified approach to the post-signal-processing
technique needed to overcome these difficulties, while keep-
ing the hardware component of the measurement system
the same.

The resulting strategy is to estimate the saxophone’s round-
trip reflection functionR̂I(ω) from a measurement of the
system (tube + DUT), and usinĝRI(ω) to construct the in-
strument transfer function—the inverse transform of which
yield’s the instrument’s impulse response. Since it is diffi-
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Figure 6. A measurement taken of the 2-meter tube with a
sax conical bore appended (green), is plotted along with a
theoretically constructed model (blue), with the two show-
ing good agreement (top). A good match is also observed
for the theoretically constructed round-trip reflection ofa
cone (green) and that estimated from measurement using
(16) (bottom).

cult to validate the technique with actual saxophone data,
a validation is first made using an appended cylinder and
then a cone (the conical bore of the saxophone with the
bell removed), both DUTs being well-described theoreti-
cally. The results shown in Figures5 and6 provide confi-
dence that the estimation technique is producing good re-
sults, and may be applied to a saxophone bore and bell,
the results of which, shown in Figure7, are consistent with
expectation.
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A. CALCULATING TRANSFER FUNCTION OF
MEASUREMENT SETUP

The pressureY0(z) in Figure4 corresponding to the mea-
sured impulse response (i.e. the actual physical pressure at
the microphone) is the sum of the right and left travelling
pressure components at the tube’s end, that is,

Y0(z) = Y +
0 (z) + Y −

0 (z). (19)

The upper (right) travelling componentY +
0 (z) is given by

Y +
0 (z) = X(z) + Y +

0 (z)ρ(z)
(

a+ c(1 + b+ b2 + ...)
)

= X(z) + Y +
0 (z)ρ(z)

(

a+
c

1− b

)

=
X(z)

1− ρ(z)

(

a+
c

1− b

) , (20)
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Figure 7. The measurement system with the complete sax
(green) is shown along with that only having the sax coni-
cal bore (blue), with the difference illustrating how the bell
shifts the resonant peaks in the spectrum (top). The differ-
ence in the round-trip reflectionRI(ω) of the sax (green)
and the conical bore without bell (blue) shows the bell also
contributes a low-pass characteristic (bottom).

whereX(z) = σ(z) is the input speaker transfer function,
a is the pressure circulating in the first section,

a = R1(z)λ
2
M (z)z−2M , (21)

andb is the pressure circulating in the second section,

b = R2(z)RL(z)λ
2
N (z)z−2N , (22)

andc corresponds to the outer loop of their connection (the
round-trip path from the mouthpiece to the opposite end
and back again),

c = RL(z)T1(z)T2(z)λ
2
M (z)λ2

N (z)z−2(M+N). (23)

The lower (left) travelling componentY −
0 (z) is similarly

given by

Y −
0 (z) = Y +

0 (z)

(

a+
c

1− b

)

=
X(z)

1− ρ(z)

(

a+
c

1− b

) ·

(

a+
c

1− b

)

.

(24)

Summing (20) and (24) yields

Y0(z) = Y +
0 (z) + Y −

0 (z)

= X(z)

1 +

(

a+
c

1− b

)

1− ρ(z)

(

a+
c

1− b

) , (25)

and dividing by the inputX(z) yields the instrument’s trans-
fer functionH0(z) given by (13), as measured at the posi-
tion of the microphone.
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[8] V. V älimäki, B. Hernoux, J. Huopaniemi, and M. Kar-
jalainen, “Measurement and analysis of acoustic tubes
using signal processing techniques,” inFinnish Signal
Processing Symposium (FINSIG’95), Espoo, Finland,
June 1995.

[9] X. Rodet and C. Vergez, “Physical models of trumpet-
like instruments: Detailed behavior and model im-
provements,” inProceedings of ICMC 1996. Clear
Water Bay, Hong-Kong: International Computer Mu-
sic Conference, August 1996.

[10] T. Smyth and J. Abel, “Estimating waveguide model el-
ements from acoustic tube measurements,”Acta Acus-
tica united with Acustica, vol. 95, no. 6, pp. 1093–
1103, 2009.

[11] ——, “Extending the generalized reed model with
measured reflection functions,” inProceedings of
ICMC 2007. Copenhagen, Denmark: International
Computer Music Conference, August 2007, pp. 252–
255.

[12] T. Smyth and F. S. Scott, “Trombone synthesis by
model and measurement,”EURASIP Journal on Ad-
vances in Signal Processing, vol. 2011, no. Article ID
151436, p. 13 pages, 2011, doi:10.1155/2011/151436.


	 1. Introduction
	 2. Measurement System
	 3. Instrument transfer function
	3.1 Estimating RI from the measurement system
	3.2 Estimating I from measurement
	3.3 Results

	 4. Conclusion
	 A. Calculating Transfer Function of Measurement Setup
	 B. References

